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Abstract 

The classical phase of the matrix model of 1 1-dimensional M-theory is complex, 
infinite-dimensional Hilbert space. As a complex manifold, the latter admits a 
continuum of nonequivalent, complex-differentiable structures that can be placed 
in 1— to— 1 correspondence with famílies of coherent states in the Hilbert space 
of quantum states. The moduli space of nonbiholomorphic complex structures 
on classical phase space turns out to be an infinite-dimensional symmetric space. 
We argue that each choice of a complex differentiable structure gives rise to a 
physically different notion of an elementary quantum. 
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1 Introduction 

String theory defines a quantum-mechanical extension of 10-dimensional supergrav- 
ity. Now strings have evolved into 1 1-dimensional M-theory. In turn, M-theory has 
altered our view not only of strings, from which it derives, but also of quantum me- 
chanics [ ]. One reason for this is that M-theory itself can be understood as a quantum 
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mechanics. Specifically, the sector of the discrete light-cone quantisation of uncom- 
pactified M-theory with momentum P_ = N / R is given by the supersymmetric quan- 
tum mechanics of U(N) matrices [2, 3]. In temporal gauge the action reads 

s = éï í dítr + X)[* M .*"] 2 + &Ò -e'v^x^eu , (i) 

where fi, v = 1, . . . , 9 and R is the radius of the 1 lth dimension of spacetime. Even- 
tually the limits N — > oo, R — > oo are taken while holding the ratio P_ = N/R fixed 
(forreviews see, e.g., refs. [4], [5]). 

In ref. [6] we have studied the truncation of the action (1) obtained by requiring 
N to be finite and setting the fermions to zero. Then the corresponding classical phase 
space C is given by the product of 9 copies of C N , one for each light-cone coordinate 
in the adjoint representation of U(N). As we let N — > oo, classical phase space be- 
comes infinite-dimensional, separable Hilbert space Tic- The subíndex C distinguishes 
this copy of Hilbert space from the Hilbert space of quantum states TÍq to be intro- 
duced presently. In this letter we will analyse the dependence, on the complex moduli 
of classical phase space Tic, °f the quantum mechanics based on the matrix action (1), 
when one passes to the M-theory limit N — > oo. Related issues have been analysed in 
refs. [7, 8,9, 10]. 



2 Coherent states on Hilbert space 



Let us initially set all fermions in eqn. 
Picking an orthonormal basis ey, j = 
phase space Tic can be expressed as 

v = 



(1) to zero; we will restore them presently. 
1,2,... within Tic, an Y point v in classical 



E 



j ■ 



(2) 



where the z J G C satisfy 

oo 

<oo. (3) 

3=1 

Let Cq) denote the j-th complex dimension within Tic- F° r every fixed value of j, 
with j = 1, 2, . . . the analytic coordinate z J endows Crj\ with a complex-differentiable 
structure. The full Hilbert space Tic can be regarded as 

H c = e^iCyj (4) 

subject to eqn. (3). The set of all z = (z 1 , z 2 , . . .) endows Tic with an infinite- 
dimensional complex-differentiable structure, with z as its analytic coordinate (for an 
introduction to the theory of infinite-dimensional complex manifolds see, e.g., ref. 
[1 1]). The space Tic cames the Hermitian mètric 

oo 

,9 = ^dzW. (5) 
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Let U (Hc) denote the unitary group of Hc with respect to the mètric (5). U (Hc) is an 
infinite-dimensional Lie group [12, 13] (for a modern, physics-oriented presentation 
seeref. [14]). 

As a classical phase space, however, He should be coordinatised by canonical 
coordinates q = (q , q 2 , . . .) and their conjugate momenta p = (pi, P 2, ■ ■ ■)■ This is 
achieved by defining qi and pj as the real and imaginary parts of \f2~z 3 , 

z j = ^=(q j +i Pj ), 3 = 1,2,... (6) 
V 2 

As a real manifold, He has the Darboux coordinates q 3 , P j, the symplectic form 

oo 

w = X> j Ad ft , (7) 



and the Euclidean mètric 



oo 

-J2((àq j ) 2 + (d Pj ) 2 ). (8) 



3= 



Let 0(Hc) denote the orthogonal group of Hc with respect to the mètric (8). 0(Hc) 
is also an infinite-dimensional Lie group. 

The q 3 , pj above are Darboux coordinates for a harmònic oscillator on C/j\. In 
fact, setting the fermions to zero and expanding the commutator X v \ in terms of 
U(N) structure constants, the action (1) reduces to a collection of coupled oscillators. 
Coupled or independent, the fact is that the corresponding classical phase space is (a 
number of copies of) the complex plane C. The quantum operators Q 3 , Pj correspond- 
ing to q- i , pj satisfy 

[Q j ,Pt}=i6j j,l = l,2... (9) 

These operators act on a Hilbert space of quantum states Hq. The latter is another 
copy of complex infinite-dimensional, separable Hilbert space. Although as such it 
is isomorphic with classical phase space Hc, the subindex Q in Hq reminds us that 
we are now dealing with quantum states. On Hq there act annihilation and creation 
operators 

Ai = ^=(Q 3 +iP j ), (Ai)+=^=(Q 3 -iPj), 3 = 1,2,... (10) 
satisfying 

[A\{A l )+] = V l 3,1 = 1,2,... (11) 

Let us first consider the finite truncation of the sum (4) given by replacing Hc 
with C". In the light-cone gauge, and in the presence of N coincident 0-branes, 
we would have n = 9N 2 . Eventually we will let n — > oo, which is equivalent to 
the M-theory limit N — > oo. Working for the moment at finite n, the Hilbert space 
of quantum states 7íg(C") equals the tensor product of n copies of 0-brane Hilbert 
spaces, ®" =1 Wq(C( j ·)), which again is isomorphic to Hq. We will refer to Hq(C^) 
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as a 1-particle Hilbert space, the idea being that we can trade the Hilbert space of 
quantum states of a single 0-brane for that of a harmònic oscillator whose phase space 
is Cij\. An n-particle coherent state \ z 1 , . . . , z n ) is defined as the direct product of n 
copies of 1-particle coherent states, 

|z\...,z") = Iz 1 ) ® \z n ), (12) 

on which the annihilation operator A l acts as 

A l \z l ,...,z n )=z l \z\...,z n ), 1 = 1,.. .,n. (13) 

The resolution of the identity on Hq reads 

dfi {n) \z l ,...,z n )(z 1 ,...,z n \ = l- Ha d4) 



with respect to the integration measure on C" 

Mn) = (^) dVA...AdV, (15) 

where ^ 

d 2 z j = -dq j Adpj, j = l,...,n. (16) 

An important point to bear in mind is that the choice of a complex-differentiable struc- 
ture on C™ with analytic coordinates z 1 , . . . , z n is equivalent to the choice of a set of 
creation and annihilation operators Af , A l [15]. 

Next we pass to the limit n — > oo, where the classical phase space C" becomes 
Hilbert space Tic- A mathematically rigorous formalism of creation and annihilation 
operators for infinite-dimensional phase spaces was described in refs. [16, 17], but the 
heurístic, physics-oriented description that follows is more suitable for our purposes. 
This alternative description mimicks the definition of field-theory path integrals as 
infinite products of finite-dimensional integrals. We have a Hilbert space of quantum 
states Hq where coherent states are defined as an infinite tensor product of 1-particle 
coherent states, 

Iz 1 ,...,^,...,) = Iz 1 )®...® \z 1 )®... (17) 
The annihilation operator A l acts as 

A l \z\...,z l ,...)=z l \z\...,z 1 ,...), 1 = 1,2,... (18) 

In order to write the resolution of the identity on TL q we first consider the integral 

d^lz 1 ,...^,...)^ 1 ,...,*',...! (19) 

IHc 

with respect to the naive integration measure on Tic 



oo ,^ 

d^too) = n - 



1=1 



d^z 1 A...A d 2 z l A . . . (20) 
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The integral in eqn. (19) is actually a path integral. As in any path integral that is 
worthy of its name, we have to factor out a divergent piece, here given by the product 
rL^i ( ^) m tne measure d// (oc) . This notwithstanding, factoring out a divergent nor- 
malisation may not be enough in order to properly define the measure, and additional 
regularisations might be required. We will simply proceed ahead under the assumption 
that an appropriate measure exists, that we will denote by D 2 z, in terms of which the 
resolution of the identity on TÍq reads 

/ D 2 z\z)(z\ = 1 Hq . (21) 

JHc 

A Fock-Bargmann space can now be defined as follows. Its elements are analytic 
functions /: Tic — * C in infinite complex variables z = (z l , . . . , z , . . .), the latter 
square-summable as per eqn. (3). The functions / are square-integrable on Tic with 
respect to the measure D 2 z e~ ^í= 1 z3zl = D 2 z e~ zz , the scalar product being 

(f\g}= í D 2 zc- zz W)9(z)- (22) 

JHc 

Above, f(z) = (z\f), the \z) = {z 1 , . . . , z , . . .) being the coherent states (17). 
Some important points must be mentioned. 

Without touching on the fine mathematical details of integration theory on infinite- 
dimensional Hilbert space Tic, which can be found in refs. [16, 17], eqns. (17)-(22) 
above can be given an alternative interpretation. For that we resort to the equiva- 
lence, metioned after eqn. (16), between families of coherent states and complex- 
differentiable structures. (We will presently give the expression family of coherent 
states a precise meaning). Differentiability on infinite-dimensional complex manifolds 
reduces to (an infinite number of copies of) the Cauchy-Riemann equations. This latter 
point is elementary, and it stands on a sòlid mathematical basis [11]. Then we can turn 
the argument around and declare that a family of coherent states \z , . . . , z 3 , . . .) G 
TÍq is simply a choice of a complex-differentiable structure with analytic coordinates 
z 1 , . . . , z\ ... on classical phase space Tic- 

In turn, a family of coherent states is equivalent, by eqn. (18), to a choice of anni- 
hilation operators A> for all j = 1,2,... Once the A 1 are known, so are their adjoints 
(Ai) + . The complete quantum theory on TÍq corresponding to the classical phase 
space Tic can be expressed in terms of annihilation and creation operators. In partic- 
ular, the notion of an elementary quantum (obtained by the action of a single creation 
operator on the vacuum) can be reduced to the choice of a complex-differentiable 
structure on classical phase space Tic- Any two given complex-differentiable struc- 
tures on Tic that are nonbiholomorphic will fail to agree on the notion of an elemen- 
tary quantum, because the transformation between them involves both z and z. That is, 
this transformation involves both creation and annihilation operators. Since, by defini- 
tion, an elementary quantum is the result of the action of a single creation operator on 
the vacuum, such a transformation cannot lead to equivalent notions of an elementary 
quantum. We conclude that there is a 1-to-l corre spondence between nonbiholo- 
morphic, complex-differentiable structures on Tic and nonequivalent definitions of an 
elementary quantum on TÍq. 
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We have used harmonic-oscillator coherent states, but our conclusions hold just 
as well for the matrix-theory dynamics defined by eqn. (1). This is so because the 
corresponding phase spaces coincide. The states constructed above are coherent both 
for the harmònic oscillator and for the matrix dynamics of eqn. (1). 



3 Geometry of moduli space 

Given that there are as many nonequivalent definitions of an elementary quantum on 
TÍq as there are nonbiholomorphic, complex-differentiable structures on Hc, the ques- 
tion arises, how many of the latter exist. Now Hc has a moduli space A4(Hc) of 
nonbiholomorphic complex structures. It is the symmetric space 

M(H C ) =0{Hc)/U{Hc). (23) 
Here the embedding of U {Hc) into 0{Hc) is given by 

A ^ B ^{ A B a)< (24) 

where A + iB G U(Hc) with A, B real matrices on Hc [18]. Let us see how the 
symmetric space (23) appears as a moduli space of nonequivalent complex structures. 
Consider the Euclidean mètric g of eqn. (8). In the complex coordinates of eqn. (6), g 
becomes the Hermitian mètric (5). Now every choice of orthogonal axes x° , %p in Hc, 
i.e., every element of 0{Hc), defines a complex structure on Hc upon setting 

«" ^ (,' •' • Wl- 3 = 1,2,... (25) 

Generically the w J are related nonbiholomorphically with the z^, because the orthogo- 
nal transformation 



m— 1 

y3 v rt n 3 



£ {W m z m + Síz m ) 

71=1 

oo 

= Y.^ m + SLz m ), (26) 



m— 1 

while satisfying the orthogonality conditions 

oo oo oo 

(-^m + &n ^m) = $mn, RÍn = = R 3 n , (27) 

i=i i=i i=i 

need not satisfy the Cauchy-Riemann conditions in infinite complex dimensions [11] 

dw- 1 - duo- 1 

■q-^ = S L = = S L = q^- (28) 

However, when eqn. (28) holds, the transformation (26) is not just orthogonal but also 
unitary. Therefore one must divide the orthogonal group 0{Hc) by the unitary group 
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U(Tic) in order to obtain the parameter space for rotations that truly correspond to 
inequivalent complex structures on Tic- Nonbiholomorphic complex structures on Hc 
are 1-to-l with rotations that are not unitary transformations. 

The geometry of the moduli space Ai (Hc) has been studied in ref. [12], which the 
interested reader can consult for details. Here we will just state that Ai (Hc) as given 
by eqn. (23) is a Hilbert manifold and a symmetric space of compact type [18]. Its 
connected component has a Poincaré polynomial P(t) given by 



(29) 



In terms of Jacobi theta-functions it holds that 



n(i+t*) s 



256í 2 



!(0,í) 



i(0,í) 



■ s r 



i(P,t) 



l(0,í) 



(30) 



4 Discussion 

In order to compare our results with those of ref. [19] we first need to truncate the 
action (1) to a finite n, as in ref. [6]. Then (bosonic) coherent states {z 1 , . . . , z n ) are 
points on the symmetric space Sp(2n)/U(n) [19]. Different points on Sp(2n)/U(n) 
correspond to coherent states that are connected by means of a nonunitary, symplectic 
transformation of M. 2n . On the other hand our conclusions read, for finite n, 

i) there is a bijection between families of (bosonic) coherent states [z 1 , . . . , z n ) and 
nonbiholomorphic, complex-differentiable structures on classical phase space; 

ii) SO(2n)/U(n) is the moduli space for nonbiholomorphic, complex-differentiable 
structures on R 2n . 

That our results are compatible with those of ref. [ 1 9] can be seen as follows. In [ 1 9], 
(bosonic) coherent states on M. 2n are constructed after picking a complex-differentiable 
structure J on R 2 ™, which is then kept fixed throughout. Associated with this com- 
plex structure J there is a whole Sp(2ri)/U(n)'s worth of coherent states \z l , . . . , z n ). 
(This copy of Sp(2n)/U(n) was called afamily of coherent states above). A different 
complex structure J on the same R 2n would give rise to another family of coherent 
states IS 1 , . . . , z n ), the latter spanning another copy of Sp(2n)/U(n). The transfor- 
mation between the z-? and the z l on R 2n is nonholomorphic, i.e., dz k /dP ^ 0. 
This expresses the fact that the families of coherent states respectively represented 
by {z 1 , . . . , z n ) and {z 1 , . . . , z n ) correspond to different points on the moduli space 
SO(2n)/U(n), i.e., to nonbiholomorphic complex structures J, J on M 2 ' 1 . The pic- 
ture that emerges is that of a fibration over SO(2n) /U(n), the fibre at each point being 
Sp(2n)/U(n), and the structure group being Sp(2n). This bundle may, but need not, 
be trivial. Nontriviality of this bundle implies that the passage from the quantum the- 
ory based on the complex structure J e SO(2n)/U(n) to the quantum theory based 
on the complex structure J £ SO(2n)/U(n) is generally not the identity transforma- 
tion. Hence the corresponding quantum mechanics do not necessarily agree: this is 
the notion of a duality transformation. Finally passing to the M-theory limit n — > oo, 
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we have a fibration of Sp(Hc)/U(Hc) over the base manifold 0(Hc)/U(Hc), with 
structure group Sp(Hc)- 

Next turning on the fermions that were so far set to zero, let us call qg = 9 in 
eqn. (1), so we have a conjugate momentum pg = i6**. The 9 have a coupling to the 

that resembles the usual minimal coupling to a gauge field. It differs from being 
minimal coupling by the same structure constants that prevent the potential for the 
bosonic coordinates X^ from being the usual harmònic potential. The fermionic piece 
of phase space is spanned by qg and pg, with a form ojg = dqg A dpg that is symmetric 
instead of symplectic because the 6's are Grassmann. In the quantum theory this leads 
to anticommutators instead of commutators. Again let us first consider the truncation 
of (1) to a finite n, so that fermionic coherent states can now be constructed as in ref. 
[19]: given a fixed complex-differentiable structure on R 2n , fermionic coherent states 
span the symmetric space SO(2n)/U(n). Letting now the complex structure vary 
we obtain a fibration of SO(2n)/U(n) over SO(2n)/U(n), the fibre being a family 
of fermionic coherent states for a fixed complex structure, the base being the moduli 
space of complex structures on K 2 ", and the structure group being SO(2n). In the 
M-theory limit n — > oo we obtain a fibration of 0(Hc)/U(Hc) over 0(Hc)/U(Hc) 
with structure group 0(Hc)- 

To summarise, complex-differentiable structures on classical phase spaces C have 
a twofold meaning. Geometrically they define complex differentiability, or analyticity, 
of functions on complex manifolds such as C. Quantum-mechanically they define the 
notion of a quantum, i.e., an elementary excitation of the vacuum state. In this letter 
we have elaborated on this latter meaning. The mathematical possibility of having 
two or more nonbiholomorphic complex-differentiable structures on a given classical 
phase space leads to the physical notion of a quantum-mechanical duality, i.e., to the 
relativity of the notion of an elementary quantum. This relativity is understood as 
the dependence of a quantum on the choice of a complex-differentiable structure on C. 
One can summarise this fact in the state ment that a quantum is a complex-differentiable 
structure on classical phase space [20]. A duality arises as the possibility of having two 
or more, apparently different, descriptions of the same physics. These facts imply that 
the concept of a quantum is not absolute, but relative to the theory that one measures 
with [1]. 

5 Conclusions 

In this letter we have analysed the dependence of the notion of a quantum on the 
complex-differentiable structure chosen on classical phase space. When the latter is 
complex infinite-dimensional Hilbert space Hc have established the existence a mod- 
uli space of nonbiholomorphic complex structures Ai(Hc) given by the quotient of 
the orthogonal group by the unitary group, 0(Hc)/U(Hc)- Moving around within 
Ai (He) we obtain nonequivalent definitions of complex differentiability. The trans- 
formations between observers carrying nonbiholomorphic complex structures are non- 
holomorphic. Hence the corresponding observers do not agree on the notion of an 
elementary quantum. On top of each point of AÍ(Hc) there stands a whole family of 
coherent states given by Sp(Hc)/U(Hc) for bosonic states and by 0(Hc)/U(Hc) for 



fermionic states. 

The possibility of transforming between nonequivalent definitions of a quantum, or 
even between quantum and classical, leaves one wondering if, as already stated in ref. 
[I], section 6, classicality vs. quantumness won't be a matter of convention, after all. 
We have taken our starting point in the matrix theory action (1); it has been argued that 
matrix quantum mechanics describes the fundamental dynamics underlying M-theory. 
However our conclusions are not limited to an M-theory context. Thus, e.g., whatever 
one's favourite choice is for a quantum theory of gravity (for recent reviews see, e.g., 
ref. [21, 22]), quantising gravity is dual to relativising the notion of a quantum. In 
rendering the concept of a quantum observer-dependent we are, in a sense, quantising 
gravity. Thus, rather than searching for the quanta of gravity, we are searching for the 
moduli of quanta. 
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